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To identify communities in directed networks, we propose a generalized form of modularity in directed
networks by presenting the quantity LinkRank, which can be considered as the PageRank of links. This
generalization is consistent with the original modularity in undirected networks and the modularity optimiza-
tion methods developed for undirected networks can be directly applied to directed networks by optimizing our
modified modularity. Also, a model network, which can be used as a benchmark network in further community
studies, is proposed to verify our method. Our method is supposed to find communities effectively in citation-
or reference-based directed networks.
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I. INTRODUCTION

Uncovering the structure of nature is an essential part of
our effort to understand the world around us �1�. It is the
same when it comes to the complex network �2–4�, which is
considered as a simple but powerful representation of real-
world complex systems. Among the underlying structures of
complex networks, community structure is considered to be
important since it has proven to be strongly related to the
dynamics and functions of complex networks �5,6�. Hence,
considerable attention has been given from various fields to
uncover the community structure of networks �7,8�.

Generally, a community is a group of nodes in which the
nodes are densely interconnected compared to the rest of the
network. And, a network is considered to have community
structure when there are more links placed within the com-
munities and fewer links placed between the communities.
Uncovering the community structure in a given network
means finding the best community assignment describing the
underlying community structure well. In order to decide
which community assignment is better than any other pos-
sible assignments, a benefit function is required. Modularity,
which was proposed by Newman and Girvan �9�, is one of
the most widely used benefit functions. Although it has been
reported that there exist the resolution limit �10� and the bias
toward balanced partitions �11,12�, modularity is still consid-
ered to be an efficient measure of uncovering the community
structure.

Even after the modularity is chosen as the benefit func-
tion, there still lies a difficult problem. Finding the commu-
nity assignment with the highest modularity is not an easy
task as the exhaustive optimization of modularity is usually
impossible. In order to overcome this difficulty, many meth-
ods �13,14� have been proposed to obtain the best approxi-
mation of the highest modularity in a reasonable time, and
most of those methods are working effectively compared to
the computing power they require. It is important to notice
that those methods can only be applied to undirected net-
works, of which links have no specific direction, because the

definition of modularity is limited to undirected ones. How-
ever, many complex networks in the real world are directed
ones, such as the World Wide Web, citation networks, phone
call, or email networks, etc.

In many directed networks, the direction of a link contains
important information such as asymmetric influence or infor-
mation flow. A link between a pair of nodes may represent a
fundamentally different dynamics when its direction is re-
versed. Any kind of approach that disregards the direction of
links may fail to understand the dynamics and the function of
directed networks. Also, any kind of community finding ap-
proaches may fail to detect the communities correctly if the
direction of the link is not considered properly. Then, there
lies the fundamental question of the problem of community
identification in directed networks: how should the direction
of links be considered? This is a question that is not only
essential to the community identification but also important
to the fundamental understanding of the directed networks.

Several recent studies �15–18� have tried to answer this
question. However, it is important to notice that the listed
methods do not share a common definition of the community
structure in directed networks. The method of Newman and
Leicht �15�, and the method of Guimera et al. �16� have the
similar definition by which nodes are assigned to the same
community when the nodes are linked to similar neighbors.
The definition of community used in those works is different
from the general definition of community. A fundamentally
different approach is adopted in the work of Rosvall and
Bergstrom �17�. They used an information theory-based
method that also does not seem related to the modularity
optimization method. Leicht and Newman �18� proposed a
method that is different from those previous ones. They
adapted a generalized modularity �19� to identify the com-
munity structure in directed networks. Since the generalized
modularity is consistent with the original modularity in un-
directed networks, the advantage of this method is apparent:
the modularity optimizing algorithms developed in undi-
rected networks are supposed to be applicable to directed
networks by this method. However, we find that there may
exist some limitations in this method. In Sec. II, it is shown
that the generalized modularity may not work as they de-
scribed in Ref. �18�, and an alternative meaning of the gen-
eralized modularity will be discussed.*hjeong@kaist.edu
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In this paper, we propose a generalization of modularity
based on LinkRank, which is a quantity indicating the im-
portance of links in directed networks. The definition of
community is also changed according to this modified modu-
larity. It will be shown that this definition consists well with
the old definition of community and it considers the links of
different direction properly. The application to a model net-
work in Sec. V shows that our method works effectively in
detecting communities. We deal with weighted networks in
the derivations, since binary networks can be considered a
special kind of weighted networks in which the weight of all
links is one.

II. GENERALIZED MODULARITY

In undirected networks, a well established method to find
communities is the modularity optimizing method, which is
finding a good community assignment of networks which
maximizes the benefit function named modularity Qud �9,20�.
The modularity is defined as

Qud =
1

2M
�
i,j
�wij −

wiwj

2M
��ci,cj

, �1�

where wij is an element of the weighted adjacency matrix
which represents the weight of the link between node i and j,
wi=� jwij is the strength of node i, and the total strength is
2M =�iwi=�i� jwij.

The modularity can be understood as the difference of two
quantities. The first one is the fraction of links within com-
munities, and the second one is the expected value of the first
one in a network with the same community divisions and the
same strength sequence but randomly connected links.
Modularity Qud approaches 1 when a strong community
structure is found and approaches 0 when the fraction of
links within the communities is no better than a random case.
However, this does not mean the maximized modularity of
every random network is around zero. Some random net-
works may have very high maximized modularity due to
fluctuations in the establishment of links �21�.

Arenas et al. �19� proposed a generalization of modularity
in directed networks by simply replacing the strength terms
into directional ones. The generalized modularity can be de-
scribed as

Qd =
1

M
�
i,j
�wij −

wi
outwj

in

M
��ci,cj

, �2�

where wij represents the weight of link pointing from node i
to node j, wi

out=� jwij and wj
in=�iwij are, respectively, the

out-strength and in-strength of node i and node j, and the
total strength is M =�iwi

out=� jwj
in=�i,jwij.

Leicht and Newman �18� used this new definition of
modularity to find communities in directed networks, both
for computer-simulated networks and real-world networks.
They described the meaning of this generalized modularity
as follows. For a pair of nodes labeled A and B, when node A
has high out-degree and low in-degree while B has the re-
verse, then a directed link connecting A and B is more likely
to point from A to B than the opposite direction. Hence, if a

directed link running from B to A is found in a network, it is
a bigger surprise than a link from A to B. The link from B to
A should contribute more to the modularity since modularity
should be high for statistically surprising configurations.

However, the generalized modularity may not work as
described above. Because �ci,cj

is equal to �cj,ci
, the general-

ized modularity Qd is able to be derived as

Qd =
1

2M
�
i,j
�wij + wji −

wi
outwj

in

M
−

wj
outwi

in

M
��ci,cj

. �3�

Considering wij and wji are summed together and controlled
by the same �ci,cj

, it is questionable that the generalized
modularity can distinguish the direction of links. Figure 1
represents a part of a directed binary network. Node A and
A� have a higher out-degree, while node B and B� have a
higher in-degree. According to Leicht and Newman’s expla-
nation, node A and B should be more likely to be divided
into the same community than node A� and B�. However, the
contribution of both pairs to the generalized modularity is
actually equal

qAB = 0 + 1 −
3 � 3

M
−

1 � 1

M
= 1 −

5

M
, �4�

qA�B� = 1 + 0 −
3 � 3

M
−

1 � 1

M
= 1 −

5

M
, �5�

where qij �wij +wji−wi
outwj

in /M −wj
outwi

in /M is the contribu-
tion of the link between node i and j to the generalized
modularity Qd. Therefore, it is doubtful that the generalized
modularity work as described above. Then, there may arise
the following questions: how could the generalized modular-
ity identify communities in directed networks? And what is
the meaning of the generalized modularity?

As explained in the appendix of Ref. �19�, the relation
between the generalized modularity Qd in directed networks
and the modularity Qud in undirected networks can be ex-
pressed as

FIG. 1. The generalized modularity does not distinguish the di-
rection of links. Nodes A, B, A�, and B� are four nodes in a directed
binary network. The out-strength and in-strength of those nodes are
wA

out=wA�
out=wB

in=wB�
in =3, and wA

in=wA�
in =wB

out=wB�
out=1. The contribu-

tion of the link between node A and node B is equal to the contri-
bution of link between node A� and node B�: qAB=qA�B�=1−5 /M.
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Qd = Qud +
1

4M2�
ij

�i� j�ci,cj
, �6�

where Qud is the modularity of the undirected network which
is generated from the original directed network by ignoring
link directions, and �i=wi

out−wi
in is the net strength of node i.

Hence, the second term in Eq. �6� should be the additional
information considered in the generalized modularity Qd. It
is easy to notice that the second term would give a positive
contribution to Qd only when �i and �i are both positive or
both negative. Therefore, the effect of the second term is
putting together a group of nodes that have positive net
strength, and another group of nodes having negative net
strength. In an extreme case, where there is no community
structure when the link directions are ignored, the first term
Qud in Eq. �6� makes no contribution to the modularity and
the second term would contribute importantly to the modu-
larity. It is obvious that the directed network in this case
should be divided into two communities by maximizing the
generalized modularity Qd; the one community contains
nodes with positive net strength and the other community
contains nodes with negative net strength. Example networks
presented in Ref. �18� are similar to the extreme case de-
scribed above, in which no communities can be found if the
directions of links are ignored. Those networks were divided
into two communities: a community composed of nodes with
positive net strength and another community composed of
nodes with negative net strength. No effect, such as nodes
connected by a link of surprising direction are more likely to
be in the same community, has been considered in this ap-
proach.

III. LINKRANK AND A GENERALIZATION
OF MODULARITY

The most important property of the directed network is
definitely the direction of links. For example, in a directed
network of webpages, a webpage with more incoming hyper-
links is much more important and more likely being visited
than a webpage with more outgoing hyperlinks, even if those
two pages have the same degree, which is the sum of in-
degree and out-degree. Furthermore, a webpage linked by
another important webpage should be more important than a
webpage linked by a minor webpage. Therefore, a link from
an important page should be more important than a link from
a minor page, i.e., a link from an important page should be
more likely to be an intracommunity link. If one wants to
identify the communities in a directed network, it is neces-
sary to take into account this unique property of the directed
networks. Actually, there already exists a quantity called
PageRank that exploits this unique property in directed net-
works.

PageRank �22,23� is an analysis algorithm used by
Google to rank the webpages in the World Wide Web, which
is a typical directed network. PageRank assigns a quantity
that indicates the importance of a webpage with the thesis
that a webpage is important if it is pointed to by other im-
portant pages. Mathematically, PageRank is the probability
of a particular page being visited by a random surfer who

clicks the hyperlinks in webpages randomly. The PageRank
equation can be described as

�T = �TG , �7�

where �T is the stationary row vector of G called the Pag-
eRank vector, and each element �i is the probability that a
random walker is going to visit the node i in the stationary
state. G is called the Google Matrix and it is the probability
matrix for the random walk process. Each element Gij is the
probability that a random walker on node i moves toward
node j in the next random walk step. Gij is defined as Gij
=wij /wi

out, where wij is the element of the weighted adja-
cency matrix in directed networks and wi

out is the out-strength
of node i.

In a directed network, there may exist some dangling
nodes, which is a node with only incoming links, and “trap
region,” which is a region where the random walker can only
move in but not move out. In this case, the Google Matrix
defined as above cannot guarantee the existence of the sta-
tionary row vector �T, because G may not satisfy the re-
quirements of the stochastic matrix in the Markov process
�24�. To avoid this problem, the Google Matrix is actually
defined as

Gij = �
wij

wi
out +

1

N
��ai + 1 − �� , �8�

where �1−�� is the teleportation probability, by which the
random walker stops following the hyperlinks and opens a
random webpage, and ai is equal to one only if node i is a
dangling node; otherwise ai is zero. The value of wij /wi

out is
set to 0 when wi

out=0. By adding ai and � to the definition of
G, the random walker would not be trapped in any part of the
network during the random walk process. Mathematically
speaking, the purpose of this modification is to make the
Google Matrix G a completely dense, stochastic, and primi-
tive matrix. Therefore, there always exists a stationary vector
�T for the Google Matrix G �23,24�.

Following the idea of PageRank, we propose a concept of
LinkRank, which indicates the importance of the links in-
stead of the importance of nodes in PageRank. Similar to the
definition of PageRank, LinkRank of a particular link should
be equal to the probability that a random walker follows the
link from node i to node j in the stationary state. With the
definition of �i and Gij, LinkRank can be simply defined as

Lij = �iGij , �9�

where �i is the ith element of PageRank vector �, and Gij is
the element of Google Matrix G.

As described in Sec. II, the modularity in undirected net-
works is qualitatively defined as

Qud = �fraction of links within communities�

− �expected value of this fraction� , �10�

where the expected value is calculated in a network with the
same community divisions and the same strength sequence
but randomly connected links. In this paper, we propose a
modified definition of modularity for both directed and un-
directed networks as
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Qlr = �fraction of time spent walking within

communities by a random walker�

− �expected value of this fraction� . �11�

Reminding that modularity defines intrinsically communi-
ties, it is important to notice that the definition of community
is changed in our method. According to the modified modu-
larity Qlr, a community is no longer a group of nodes in
which links are more densely located. Instead, a community
is a group of nodes in which a random walker is more likely
to stay. Although this definition seems out of nowhere, it will
be shown in the following part that this definition is consis-
tent with the old one in the undirected networks and consid-
ers the links of different direction properly.

By using LinkRank, this modified definition can be writ-
ten in a mathematical form as

Qlr = �
i,j

Lij�cicj
− �

i,j
E�Lij��cicj

, �12�

where E�Lij� is the expected value of Lij in the null model. In
Eq. �12�, it is easy to notice that the first term is the fraction
of time spent on walking within communities by a random
walker since Lij is the probability of the random walker fol-
lowing the link from i to j, and the second term is the ex-
pected value of this fraction. Both terms correspond to the
first and second terms in Eq. �11�, respectively.

In order to calculate the expected value of Lij, a null
model has to be chosen first. In the definition of modularity
in undirected networks, the standard null model is chosen as
a network that has the same strength �or degree in binary
networks� sequence as the original network �i.e., the ex-
pected strength of each node is conserved and the links are
randomly rewired�. In directed networks, however, it is not
proper to choose the same null model as in undirected net-
works since strength is not directly related to the random
walk process. Instead, PageRank is the intrinsic property of
nodes through the random walk process. It can be shown that
the null model of conserving strength sequence does not de-
tect communities as we expected, while the null model of
conserving PageRank sequence does �25�. Therefore, we
choose a random network, in which the PageRank sequence
is conserved and the links are randomly rewired, as the null
model to compare with.

In this null model, the expected value of Lij can be calcu-
lated as follows. As defined above, LinkRank Lij is the prob-
ability that a random walker is moving from node i to j in the
stationary state, and PageRank �i is the probability that a
random walker is visiting node i in the stationary state. In
order to move from node i to j, the random walker would
have to visit node i in the previous step and to visit node j in
the next step. The probability of visiting node i is �i, and the
probability of visiting node j in the next step is � j because
the connection between node i and j in the original network
is not conserved in the null model. Therefore, the probability
that a random walker moving from node i to j in the null
model is �i� j, which means the expected value of Lij in the
null model is

E�Lij� = �i� j . �13�

Finally, the modularity in directed networks is

Qlr = �
i,j

�Lij − �i� j��cicj
. �14�

Interestingly, our modified definition of modularity con-
sists well with the old definition of modularity in Eq. �10�. It
is well-known that when the random teleportation is not con-
sidered, the PageRank vector �ud in undirected networks sat-
isfies �i

ud=wi /2M, where wi is the strength of node i, and
2M =�iwi is the total strength of the undirected network
�24,26–28�. This means that the probability that a random
walker visiting node i in the stationary state is only related to
the local structure of node i, instead of being related to the
global structure. Because every link in the undirected net-
work is a bidirectional path, there are no dangling nodes or
trap regions in undirected networks. Therefore, the second
term of Eq. �8� can also be ignored and the Google Matrix
Gud of the undirected network is Gij =wij /wi. Then the
LinkRank of the undirected network is

Lij
ud = �i

udGij
ud =

wij

2M
. �15�

The expected value of LinkRank in the undirected network is

Eud�Lij� = �i
ud� j

ud =
wi

2M

wj

2M
. �16�

Then, the undirected version of our modified modularity is

Qlr = �
i,j
� wij

2M
−

wi

2M

wj

2M
��cicj

, �17�

which is identical to the definition of modularity in Eq. �1�.
This means that our modified definition of community—a
community is a group of nodes in which a random walker is
more likely to be trapped in—is consistent with the old defi-
nition of community—a community is a group of nodes in
which links are more densely located.

Also, the modified modularity in Eq. �14� has a similar
form with the one-step stability in Delvenne et al. �11�,
which is another work revealing the connection between ran-
dom walk and the modularity.

A remarkable advantage of our method is that all the es-
tablished optimizing techniques �13,14� developed to maxi-
mize the old modularity in undirected networks can be ap-
plied to our method directly, except a few algorithms in
which some adjustments are needed. For example, to apply
the eigenvector-based method �14�, a small trick introduced
in Ref. �18� is needed to restore the symmetry of the modu-
larity matrix.

It is important to notice that our method cannot be applied
to all kinds of networks because the direction of a link does
not have a universal meaning in all kinds of directed net-
works. For example, although a word adjacency network
�15� and the World Wide Web are both directed networks, the
meaning of direction is fundamentally different in those two
networks. The direction of link in a word adjacency network
describes the relative position of the linked words in a sen-
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tence, while the direction of link in the World Wide Web
indicates the citation or reference. Information can spread by
following the directed links in the latter case. As PageRank
can be applied to any collection of entities linked with cita-
tion and reference, our method is supposed to be able to
detect communities in directed networks based on citation
and reference. This does not mean that our method is limited
to linked documents only. As social networks such as di-
rected friendship networks, phone call networks and email
networks can be considered as a general form of citation/
reference networks, our method could be used to detect com-
munities in those networks too.

The parameter � controls the priority given to the network
structure as opposed to the teleportation effect. When � is
close to 1, the random walk process would be more depen-
dent on the network structure. Therefore, the PageRank,
LinkRank and the modified modularity would be more likely
to capture the characteristics of the network if � is closer to
1. However, it has been reported that PageRank becomes
more sensitive to the slight change in network structure when
� gets closer to 1 �23�. Considering that it is impossible for a
network to describe the underlying system fully and cor-
rectly, PageRank cannot capture the characteristics of the
network when it is too sensitive to the slight change in the
structure. A balance has to be taken between respecting the
network structure and reducing sensitivity. The choice of � is
an important issue to any other random work research on
directed networks. Thus, the research on the effect of � re-
quires a general discussion over random walk problems in
directed networks. We would like to tackle this problem in
future studies, but it is beyond the scope of this paper. In
current status, �=0.85 seems a good choice since it is widely
used by other researchers �22,23,27�.

IV. RELATION WITH OTHER COMMUNITY
IDENTIFICATION WORKS IN DIRECTED NETWORKS

As described in Sec. II, Leicht and Newman �18� pro-
posed that the links with opposite directions should be con-
sidered differently to identify communities correctly in di-
rected networks. The way the direction information is
considered in our modified modularity is very similar to the
way considered in Leicht and Newman’s work. Let’s con-
sider the pair of nodes A and B again. When node A has
lower PageRank and node B has higher PageRank, the
LinkRank of the link pointing from A to B is more likely to
be lower than the LinkRank of the link from B to A. There-
fore, node A and node B are more likely to be in the same
community if the link is pointing from node B to node A than
if the link is pointing the opposite direction. Thus, the asym-
metry effect of the link direction, which Leicht and Newman
wanted to include in their method, is well considered in our
modified definition of modularity in a quite systematic way
by applying the theory of random walk.

Also, the work of Rosvall and Bergstrom �17� is directly
related to our work. In their work, they proposed an infor-
mation theory-based method to detect communities in di-
rected networks. This method can be briefly described as
follows. For a particular community assignment of a directed

network, a node name is assigned to each node in the net-
work and a community name is assigned to each community
in the network. The nodes in the same community should
have different names to distinguish with, and the nodes from
different communities may share the same names because
they can be distinguished by their community names. Given
the names of nodes and communities, a description can be
assigned to a trajectory of a random walk on the network.
The description records the name of each node being visited,
and the name of the community which the currently visiting
node belonging to is recorded before the node name only
when the random walker is coming from a node which be-
longs to another community. Thus, this description is unique
to each trajectory of random walk. When a random walker is
more likely to stay within a group of nodes than average,
dividing this group of nodes into the same community will
make the description shorter. Therefore, the community
structure can be identified by minimizing the length of tra-
jectory description.

Although our method seems to have no relevance with
this method, both methods share the same definition of the
community structure—a community is a group of nodes that
a random walker is more likely to be trapped in instead of
moving out of the group in a few steps. The simple directed
network composed of sixteen nodes in Fig. 2 was originally
proposed in the work of Rosvall and Bergstrom. The weight
of the bold links is twice the weight of the other links. As
shown in the figure, the communities detected by our method
are identical to the results of Rosvall and Bergstrom, prefer-
ring the configuration with long persistence time. The modi-
fied modularity for the community assignment in Fig. 2�a� is
much larger than the modularity in Fig. 2�b�, while the
modularity calculated by the method of Leicht and Newman
has a higher value for the community assignment in Fig.
2�b�,

V. APPLICATION TO A MODEL NETWORK

The network illustrated in Fig. 3 is a directed model net-
work that is designed to verify our method. In this network,
n directed small rings are embedded on a big ring and each
small ring is composed of m nodes. The weight of the links
between small rings is a tunable parameter w, while the
weight of other links is fixed as 1. The small rings are the
embedded communities of this model network. When w is
small, it will be difficult for the random walker to escape
from each small ring, and the communities should perfectly
overlap with the small rings, remembering that we consider
the community in directed networks as a group of nodes
where a random walker is more likely to be trapped. And
when w gets larger, it will become easier for the random
walker to move out of each small ring, and consequently, the
embedded community structure would be more difficult to be
identified. When w is large enough, it will be not reasonable
to identify the small rings as communities.

If the directions of links are ignored, a random walker
would be more likely to move out of each small ring than in
the case when link directions are considered. Therefore, a
direction-ignoring method would not effectively detect com-
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munity structure of the model network while our direction-
considering method can detect community structure correctly
when w is neither too small nor too large. To prove this, we
have to quantitatively compare the identified community as-
signments with the embedded community structure. Here, we
use the variation of information �VOI�, which is described as
a true metric of the community assignment by Karrer et al.
�29�, to compare the different community assignments. The
VOI is defined as

V�A,B� = − �
i=1

CA

�
j=1

CB 	nij
AB

N
log2

nij
AB

nj
B +

nij
AB

N
log2

nij
AB

ni
A 
 , �18�

where A and B are the two community assignments to be
compared with, CA and CB are the total number of commu-
nities of assignment A and B correspondingly, N is total
number of nodes, ni

A is the number of nodes in ith commu-
nity of assignment A, nj

B is the number of nodes in jth com-
munity of assignment B, and nij

AB is the number of nodes
which are in ith community of assignment A and in jth com-
munity of assignment B at the same time. Generally, the VOI
is large if the compared two community assignments are sig-
nificantly different, and it is small when the community as-
signments are similar.

We tested both methods in a model network of 64 nodes,
in which m=8 and n=8. Since there are no dangling nodes or
trap regions in our model network, the teleportation rate �1
−�� is taken as zero. The community assignments detected
by both methods are compared with the embedded commu-
nity structure, and the difference is measured by the VOI.
The results of VOI and modularity are plotted in Fig. 4.
Relatively small m and n are chosen in order to correctly find
the highest modularity, and simulated annealing algorithm
�30�, which is an algorithm showing best performance in the
benchmark �13�, is chosen as the optimizing algorithm.

n small rings
in total

m nodes in each
small ring

w

FIG. 3. �Color online� A model network that is designed to
verify our method. This network is a directed network composed of
n subnetworks, and the subnetworks are embedded on a ring struc-
ture. Also, each subnetwork is a small ring composed of m nodes.
Each small ring has an entrance node, which is the node receiving a
directed link from upper stream ring, and an exit node, which is
giving a directed link to the down stream ring, and the entrance
node and the exit node are placed at the opposite side of each other.
The direction is chosen counterclockwise both in the small ring and
in the big ring. The weight of link between subnetworks is a tunable
parameter w, while the weight of link in every subnetwork is fixed
as 1. According to our definition to community in directed net-
works, each small ring should be considered as a community as
long as w is not significantly large because the random walker
would be more likely to be trapped in each small ring rather than
freely moving between the small rings.

��� ���

Rosvall and Bergstrom: L = 2.67 bits/step
Leicht and Newman: Q = 0.25
LinkRank: Q = 0.42

Rosvall and Bergstrom: L = 4.13 bits/step
Leicht and Newman: Q = 0.50
LinkRank: Q = 0.33

FIG. 2. �Color online� Maximizing our modified modularity finds the same community assignment as the method proposed by Rosvall
and Bergstrom does. The weight of the bold links is twice the weight of normal links, and the color of a node indicates the community that
the node belongs to. �a� Community assignment given by optimizing the modified modularity of our method or by optimizing the map
equation of Rosvall and Bergstrom �Ref. �17��. The modified modularity for this community assignment is Qlr=0.42, while the modularity
used by Leicht and Newman �Ref. �18�� is Qd=0.25. �b� Community assignment given by optimizing the modularity that is used by Leicht
and Newman. Our modified modularity for this assignment is Qlr=0.33, while the modularity used by Leicht and Newman is Qd=0.50.
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As illustrated in Fig. 4�a�, when w is small, the commu-
nity assignments detected by both methods are identical to
the embedded structure. However, when w is larger than 1.9,
the VOI for the direction-ignoring method starts to get a
nonzero value and becomes larger until it fixes at a stationary
value. This means that the community assignment detected

by this method is getting more and more different from the
embedded community structure and finally fixes at a station-
ary configuration. Meanwhile, the community assignment
detected by our method is identical to the embedded commu-
nity structure in the illustrated range of w. This significant
difference indicates that a method that ignores the direction
of links cannot identify the community structure effectively
in this model network, while our method can detect the com-
munities effectively.

Further investigation on the values of modularity and the
corresponding community assignments aid the better under-
standing of this model network and our method. Figure 4�b�
shows that the modularity values given by both methods also
show different behaviors as the weight w becomes larger.
When w is small, the community assignment detected by the
direction-ignoring method is identical to the embedded com-
munity structure. The modularity for this community assign-
ment can be expressed analytically as

QA
ud =

m

m + w
−

1

n
, �19�

and the black dotted line in Fig. 4�b� shows the curve of this
function. When w is larger than 4.3, a stationary community
assignment emerges. This community assignment is illus-
trated in Fig. 5�b�. This result is easy to understand since the
weight w is large now and the nodes connected by the inter-
ring links are more likely to be assigned into the same com-
munity. The modularity for this community assignment is

QB
ud =

m + w − 2

m + w
−

1

n
, �20�

and the black solid line in Fig. 4�b� shows the curve of this
function. In the range of w� �1.9,4.3�, the modularity values
given by simulated annealing are slightly larger than the val-
ues given by Eq. �20�, because there exist some transitional
community assignments.

Similar analysis can also be performed to our method. For
the community assignment that is identical to the embedded
community structure �Fig. 5�a��, the modified modularity
given by our method is

(b)

(a)

FIG. 4. �Color online� Variation of information and modularity
as the function of w for a model network of m=n=8. �a� Square
�circle� symbols represent the VOI between the embedded commu-
nity structure and the community assignment given by optimizing
Qud�Qlr�. �b� Square symbols and circle symbols represent the high-
est Qud and the highest Qlr found by the simulated annealing algo-
rithm during the community identifying process of both methods.
The black dotted line, the black solid line, the red dotted line, and
the red solid line are corresponding to the functions in Eqs.
�19�–�21� separately.

(b)(a)

FIG. 5. �Color online� Community assign-
ments given by direction-ignoring method and
our method in the model network of m=n=8. �a�
The community assignment given by direction-
ignoring method, when w is smaller than 1.9.
And the community assignment given by our
method through the illustrated values of w. �b�
The stationary community assignment given by
direction-ignoring method, when w is larger than
4.3.
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QA
lr =

mw + 2m

mw + 2m + 2w
−

1

n
. �21�

For the community assignment of Fig. 5�b�, which is the
stationary community assignment given by the direction-
ignoring method for large w, the modified modularity is

QB
lr =

mw + 2m − 4

mw + 2m + 2w
−

1

n
. �22�

It is easy to notice that QA
lr is always larger than QB

lr no matter
what value w takes. This means that no matter how large w
is, a community assignment as Fig. 5�b� will never be de-
tected by our method.

In Fig. 4�b�, both the results of simulated annealing algo-
rithm and the analytical functions indicate that, as the weight
w increases, Qud is decreasing rapidly while Qlr is decreasing
relatively slowly. When w is larger than 1.9, the community
assignment which gives the highest Qud is altered from a
community assignment which is identical to the embedded
community structure to a different community assignment.
Because the nodes connected by the inter-ring links are more
likely to be assigned into the same community in this new
community assignment, the new assignment favors larger w
and Qud starts to increase as w becomes larger. Meanwhile,
Qlr decreases continuously as w increases, which is consis-
tent with the fact that the community structure becomes
weaker when w gets larger.

Both the results of VOI and modularity show that our
method can correctly and robustly detect the community
structure of this model network, while the direction-ignoring
method cannot. We also performed the same analysis to the
model network of various values for m and n. All the results
are qualitatively the same with the result of m=n=8.

VI. SUMMARY

In this paper, we have presented a modified definition of
the modularity in directed networks by presenting a quantity

LinkRank, which indicates the importance of links in di-
rected networks. The modified modularity is related to the
random walk process in the network, and the global meaning
of the modified modularity is the fraction of time spent mov-
ing within communities by a random walker minus the ex-
pected value of this fraction. And locally, the meaning of the
modified modularity is that a link with higher LinkRank is
more likely to be assigned as an intracommunity link than a
link with lower LinkRank. The definition of community is
also changed, according to the change in modularity. In this
definition, a community is a group of nodes in which a ran-
dom walker is more likely to stay.

It has been proven that our modified modularity is consis-
tent with the old modularity proposed by Newman and Gir-
van �9�. Also, other methods of community identification are
compared with our method. It is shown that the method pro-
posed by Rosvall and Bergstrom �17� and our method share
the same concept of community structure in directed net-
works. A model network is designed to verify our method,
and this model network can be used as a benchmark network
in further studies of community identification. As most of the
modularity optimization methods in undirected methods can
be applied to the directed networks by optimizing our modi-
fied modularity, our method would be very practical to use to
identify communities in directed networks.
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